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. Let ‘H be a Hilbert space.

(a) If C is a non-empty closed and convex subset of # then show that
C contains one and only one element of smallest norm.

(b) Use part (a) to show that for any closed linear subspace M of H,
we have the decomposition H = M € M+. [8 + 12 = 20]

. (a) If K is a compact metric space and 7' : K — K is an isometry
then show that T is onto.

(b) If V is a finite dimensional normed linear space and 7 : V — V is
an isometry then use part (@) to prove that T is onto. [5+ 15 = 20]

. Let B be a real Banach space and 7' : B — B be an isometry such
that T(0) = 0. Suppose T is onto. Then show that T is linear.  [20]

. Show that any metric space embeds isometrically as a dense subspace
of a complete metric space. [20]

. Let X be a locally compact metric space and let V,, n=1,2,3,...... be
a sequence of dense open subsets of X. The show that [ V,, is dense
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